Chapter 6 — The Hydrogen Atom

Background: We have discussed the PIB, HO, and the energy the RR model. In
this chapter, we will discuss the wavefunctions of theR the H-atom, and atomic

orbitals.

* A single particle moving under a central force — adoptethfScott Kirby’'s notes
http://web.umr.edu/~pchem/gchem/pdf/gchem.lecturel5.fall2002.pdf
- such a system depends only on the distance and thieerahitection and is
spherically symmetric

- the potential energy is dependent only on posian,V(r)

-- in terms of spherical coordinate{s‘?lj = N =0
)., \0¢),

- the Hamiltonian:
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- we have shown that the angular momentum is coederv
- in order to be able to obtain definite values of libthenergy and the angular
momentum simultaneously we need to see if the Hamilcesnia our angular
momentum operator commute
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since the angular momentum operator is dependent efkirthtic and angular

momentum operators commute
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The same can be said about the angular momentum andigaiparators —

therefore, the Hamiltonian and angular momentum operattmmute — so we

can measure both the angular momentum and the eneagy given state

simultaneously
- Is our one particle description applicable to the étvat



http://web.umr.edu/pchem/qchem/pdf/qchem.lecture15.fall2002.pdf

-- as we know there are two particles involved in hydrogeroton & an
Electron

-- as it stands we would have two sets of coordinates f@r particle) to describe
this sytem
-- let’s look at the reduced mass:

mm, _ (9.109<10%kg)( 1.678 1G'kg)
/j = =
m +m, (9.109« 10kg)+( 1.678 1G'kg)

--- this indicates that we will loose little accayeby approximating our
H-atom as have the proton fixed at the origin
--- in other words we can treat our H-atom a grgsrticle system

=9.1094x 10*kg ~ 0.999%,

* Schrodinger Eqn for the H-atom

- our model will be a proton fixed at the nucleus intengctvith an electron which

has a mass yand separated from the proton by a distance of r
2
- recall the Coulombic potential/(r) = -

where e is the charge of the
r
0
electron/proton ane, is the permittivity of free space
- our Hamiltonian becomes:
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- the Schrodinger eqgn
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-- the wavefunction will have dependent§,randg: Y(r, 6, )
-- We can once again invoke separation varialgles:6, ¢) = R(r)Y(0, @)
--- then we can separate the r terms from thossgssin® & ¢
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Since these terms are independent of each otheamveeparate our SE into 2
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-- the R(r) term is called the radial equation and laladdressed later
-- the Y@, @)is the angular momentum dependence and we will now Salvé t
system
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* Wave Functions of the Rigid Rotator & Spherical Harnasni
- once again we need to use separation of variablgsy) = O(6)P (@)

- if we substitute and divide this relationshipoiur SE:
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- As always we can separate these two equationshatr independent components:
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- Let’s look at phi first:
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-- we have seen the solution to this equation many tinfesvever, we must take
into consideration that these are spherical coordiretd what that means for
our wavefunction

P(g) =A™ ©(p) =A™
--- to be single valued we need to g&ffp) = ® (@+27) since phi is the

component that circle the z-axis and so it will bthatsame exact
place forg & @+2r
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-- due to the continuity of theta — we have a ¢j@ation constraint fof
,8=I(I +1) wherel = 0,1,2,. anch= 8, 4, .2,

-- therefore we also have quantization of energy:
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this is very similar to rigid rotatoiE :Z—lJ (J+1)J3=0,12,.

-- our P(x) is actually a set of polynomials cdlleegendre @'zhan-ds)
polynomials, R"“(x), which arise from central force problems in cleaki

physics
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---- Application of our formula for the first fev*(x)
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-- Putting it all together — Spherlcal Harmonics:

j P"”(x)P"”(x)dx
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wherel = 0,1,2,. anth= &, 4, 2,
--- let’s get a few spherical harmonics:
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* Angular Momentum & Quantum Numbers
L™ (6,9) =n2 (1 +1)Y,"(6,¢) 1=0,1,Z
- I will leave it to you prove the above relatioisto yourself
- this is the samkthat you learned in genchem — and it is calledatigular
momentum quantum number since it arises when wiy #mpangular
momentum operator twice
L . P2 (1 +1
- in chapter 5, we showesd :% 0 HY"(6.9) :%
P2 (1 +1)
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and hence the energy values are givenbby:

* The Three Components of Angular Momentum do ray pice together
- they cannot be measured simultaneously
- recall the angular momentum operator by companent
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--- since the Legendre component of the sphehiaahonic has n@
dependencyL,Y," (8,¢) = maY"(6,¢)

--- therefore the spherical harmonics are algerdunctions of the z-
component of the angular momentum operator

-- it turns out that the spherical harmonics areeigenfunctions of the x- and y-
components of the angular momentum operator



- time to provgm <|
~ % (8,9) =14 (1+1)Y"(6,9) &LY™(6,9) =" (6,9) 1 =0,1,2

- since} + L is a sum of two squard, (I +1)-n? [n*2 0~ I(I + ) = m®

-- finally, sincel and m are both integehsi <l 0Om=0,t1%2,..%|
--- which is what we can the magnetic quantum lmem

* Finally the Hydrogen Atomic Orbitals
- The radial component is:
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-- the solution is:
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-- recall Bohr radius i, = &h - = 4’73072'1
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-- so then the energy can also be written as
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- a consequence of solving this radial componeht’isvhich must satisfy the

conditonn=l+1or0<l<n-1 1=0,1,2,.. - n=1,2,3,.
-- this should look familiar as the principle quamtnumber

- the results for R(r):
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-- where |2
n
n=1 1=0 Ll=-1

n=2 1=0 L;:—Z(Z—Ej
2

=1 L=-3!
-- it turns out that this wavefunction is normatiz—you should prove this later

- the total hydrogen atomic wavefunctiap,, (r.6,¢) =R, (r)Y,"(6,¢)
-- these wavefunctions are orthonormal:
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* The Atomic Orbitals
- quantum numbers — a rehash
-- n, our principle quantum number — related to sire], 2,3, ..

-- I, angular momentum quantum number — related toeslapl <n-1
--- describes the angular momentum of e- abqut &L| = 72,/1 (1 +1)

Orbital Name |

S sharp 0
p principle 1
d diffuse 2
f fundamental| 3

--- these names come from spectroscopy
--- higher orbitals (e.g. g & h) do not have name
-- m, magnetic quantum number — related to dioectihe orbital points in,
m=-l,...+I
--- the z-component of the angular momentum is detafy specified by
m: L, =mh
--- the name comes from the energy of the hydr@gem in a magnetic
field
---- in the absence of a field 2 1
---- the splitting in the presence of a magnesddfis called the
Zeeman effect — this will be discussed in moraitlethen
we talk about magnetic spectroscopy

- Radial Distribution Plots
-- describe the probabilistic location of an alentusing the distance from the

nucleus or radius, r
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-- for the 1s: the maximum is located at a distanae=cd
-- in general the number of nodes for each orbitaivisrgby n - — 1 nodes

- p orbitals
-- m = 0 is the porbital on the basis of our description where the spdler

harmonic has only real components
-- the m =t1 correspond to the & py orbitals

--- there are both real and imaginary componentthése orbitals
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--- these are often represented by linear combos:
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- there are similar combos for the d-orbitals

* Multi-electron atoms
- we can solve the SE exactly for our single elecsystem but that is not the case
when another electron gets involved
- we will discuss how to handle such a system imthd chapter



